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a b s t r a c t
Overbooking is a yield management policy of to air cargo to sell more cargo than the
available capacity tominimize oversale and spoilage cost. In a yieldmanagement system of
air cargo, roughly 40% of air carrier profit is obtained from overbooking. Thus overbooking
is very important for air cargo yield management. However, the work becomes more
complicated to evaluate overbooking capacity under uncertain environment. In this paper,
an air cargo overbooking method is presented under uncertain environment to determine
overbooking capacity. By the method, we are involved in the development of a fuzzy
knowledge system based on fuzzy reasoning to solve the air cargo overbooking problem.
Finally, a numerical example is illustrated to describe the fuzzy knowledge system.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Yield management, or called revenue management, can be defined to integrate investment factors to enhance
profitability. In the real world, about 5% additional revenue comes from a good yield management system [13]. From 1988
to 1990, the implementation of a passenger yield management(PYM) system at USA Airlines has generated $1.4 billion in
revenue [6]. In a yield management system, approximately 40% of total benefits are generated from overbooking. These
benefits have taken place in airlines, hotels and rental car companies. There are many overbooking approaches shown as
below.
An airline or hotel overbooking problem was expressed on a non-homogeneous markovian sequential decision process
by Rothstein [9,10], and he utilized dynamic programming to solve the overbooking problem. To determine the overbooking
level, Shlifer and Vardi [12] proposed a model with three different criteria under certain capacity. The three criteria were
to determine the spoilage incurred by rejecting a passenger relative to the profile of carrying one, ensure the oversale
probability, and ensure the expected oversale level that does not exceed an allowable maximum. Liberman and Yechialli [7]
solved a hotel overbooking problem based on considering the uncertainty of customer cancelation behavior. Rothstein [11]
presented an application survey of airline overbooking, then he analyzed and discussed the overbooking issues for air
carriers. Alstrup et al. [1] considered two classes of passenger to propose a methodology for formulating a flight booking
policy. Smith et al. [13] presented the development and implementation of a yieldmanagement systemof American Airlines,
and the revenue impact. Oakley et al. [8] was involved in developing a cargo overbookingmodel to address the complexities
of overbooking. A general decision rule of overbooking was proposed by Bodily and Pfeifer [2]. They expressed specific
models on random survival process. For the development and implementation of a cargo-overbooking model, Kasilingam
and Hendricks [5] proposed a belief discussion of American Airlines. Curry [4] developed a couple of models to solve
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overbooking problems. Chatwin [3] provided a rigorous treatment on amulti-period overbooking problem, which is related
to a single flight leg with certain capacity and single service class. The model presented a continuous time version with
stationary fares.
According to the above overbooking research, most of them assume that available capacity is under certain environment.
Thus Kasilingam [6] developed a generalized cost model of air cargo overbooking under uncertain capacity. Commonly,
uncertainty of available capacity arises because of a variety of reasons of air cargo. Especially, uncertain situations will
increase overbooking complexity. Nevertheless, overbooking becomes more and more important than ever, these days. A
tremendous growthwas predicted in air cargo demand recently [6]. As the growth ofworldwide cargo volumewas estimated
to triple during two decades, it was very important to effectively manage available capacity. Therefore, an overbooking
method of air cargo is essential under uncertain environment. In this paper, we apply a fuzzy knowledge system to solve air
cargo overbooking problems under uncertain environment. Processing of the fuzzy knowledge system has three steps: the
first step is to determine the air cargo overbooking level, the second step is to estimate the capacity available, and the final
step is to integrate overbooking level and capacity available to evaluate the overbooking capacity. The details of these steps
will be described as follows.
Usually, air cargo overbooking capacity under uncertain environment is hardly ever estimated. To estimate the air cargo
overbooking capacity, we have to determine the overbooking level, and evaluate available capacity. Available capacity
is obtained from shipments booked. On the other hand, the overbooking level is determined by three factors, including
show-up rate, oversale cost and spoilage cost. Show-up rate should consider cancelations, no-shows, and variable tender
behavior. Combining cancelations, no-shows with variable tendering, show-up rate is a composite index. Besides show-up
rate, oversale cost and spoilage cost are critical in an overbooking problem as well. Oversale cost is the cost of being unable
to provide the promised capacity for the customer. Spoilage cost is the cost which does not use the available capacity.
After determining the critical factors of the overbooking level, we have to aggregate these factors. One fuzzy reasoning
method can aggregate show-up rate, oversale cost and spoilage cost to determine the overbooking level. Fuzzy reasoning
is constructed on a set of fuzzy decision rules to present the relationship of show-up rate, oversale cost, spoilage cost and
overbooking level. These fuzzy decision rules can be merged into a single knowledge base to determine the overbooking
level on a given condition. Then, the overbooking capacity can be evaluated by comparing overbooking level with available
capacity.
For the sake of clarity, fuzzy sets theory [15] is presented in Section 2. The development of a fuzzy knowledge system to
estimate the overbooking level, and determine the overbooking capacity is expressed in Section 3. Finally, one numerical
example of applying a fuzzy knowledge system to solve the overbooking problem is illustrated in Section 4.
2. Preliminaries
We review some basic notions of fuzzy sets [15] presented as follows.
Definition 2.1. LetU be a universe set. A fuzzy set X ofU is defined by amembership functionµX (x) → [0, 1], whereµX (x),
∀x ∈ U , indicates the degree of x in X .
Definition 2.2. Let X be a fuzzy set of U , where U is a real line. X is normal, if and only if supx∈U µX (x) = 1.
Definition 2.3. Let X be a fuzzy set ofU , whereU is a real line. X is convex, if and only ifµX (λx+(1−λ)y) ≥ (µX (x)∧µX (y)),
∀x, y ∈ U , ∀λ ∈ [0, 1], where the symbol ∧ denotes the minimum operator, i.e.
µX (x) ∧ µX (y) = min(µX (x), µX (y)). (1)
Definition 2.4. Let X be a normal and convex fuzzy set of U with a piecewise continuous membership function µX (x). The
support of X is the crisp set defined by SX (0) = {x |µX (x) > 0 }.
Definition 2.5. Let X be a normal and convex fuzzy set of U with a piecewise continuous membership function µX (x). The
level α set of X is the crisp set defined by SX (α) = {x |µX (x) ≥ α } for any α ≥ 0.
Definition 2.6. Let X be a normal and convex fuzzy set of U with a piecewise continuous membership function µX (x). X is
bounded, if and only if SX (α) is bounded for all α ≥ 0
Definition 2.7. A fuzzy number X is a fuzzy set that is both normal and convex in the universe U .
Definition 2.8. A triangular fuzzy number X can be defined by (a, b, c) as shown in Fig. 1. The membership function µX (x)
is presented as below [15,17]:
µX (x) =

(x− a)/(b− a), a ≤ x < b,
1, x = b,
(c − x)/(c − b), b < x ≤ c,
0, otherwise.
(2)
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Fig. 1. The membership function of a triangular fuzzy number X .
Fig. 2. The membership function of a trapezoidal fuzzy number Y .
Definition 2.9. A trapezoidal fuzzy number Y can be defined by (a, b, c, d) as shown in Fig. 2. The membership function
µY (x) is presented as [15,17]:
µY (x) =

(x− a)/(b− a), a ≤ x < b,
1, b ≤ x ≤ c
(d− x)/(d− c), c < x ≤ d,
0, otherwise.
(3)
3. The fuzzy knowledge system of determining an overbooking level
In this section, an fuzzy knowledge system of air cargo is utilized to evaluate an overbooking level under uncertainty
of available capacity, and then to determine overbooking capacity. Generally speaking, a fuzzy knowledge system should
initially identify several fuzzy decision rules. Fuzzy decision rules can be extended from certain decision rules. In certain
decision rules, expert opinions can be presented by a set of precise decision rules. The certain decision rule is presented as
below.
IF 〈Condition〉 THEN 〈Action〉. (4)
That is,
IF 〈x is A〉 THEN 〈y is B〉. (5)
In (5), x and y are certain variables which represent crisp variables for conditions in the premise, and action in the
consequence respectively. On the other hand, A and B are precise terms which represent certain situations of condition and
action. The certain decision rules are integrated by a reasoning method (or called modus pones). Then, the fuzzy decision
rule is represented as follows.
IF 〈x′ is A′〉 THEN 〈y′ is B′〉. (6)
In (6), x′ and y′ are linguistic variables which represent uncertain variables for condition in the premise, and action in
the consequence respectively. On the other hand, A′ and B′ are linguistic terms which represent uncertain situations of
condition and action. A′ and B′ are fuzzy sets that approximate to crisp values A and B respectively. The fuzzy decision rules
are integrated by a fuzzy reasoningmethod (or called generalizedmodus pones) [16]. Fuzzy sets A’ andB’whosemembership
functions are presented by µA′(a) and µB′(b). That is,
µA′(a): a → [0, 1], a ∈ A′. (7)
µB′(b): b → [0, 1], b ∈ B′. (8)
The fuzzy decision rule in (6) is a simpler form of fuzzy decision rules. It is not suitable for addressing the complex process
of determining the overbooking level. To handle multiple conditions of determining overbooking levels, we have to present
a general decision rule, i.e.
IF 〈x′ is A′〉 AND 〈z ′ is C ′〉 THEN 〈y′ is B′〉. (9)
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Table 1
Constructed fuzzy decision rules
Rule SR OC SC OBL
1 L L L H
2 L L M VH
3 L L H VH
4 L M L M
5 L M M H
6 L M H VH
7 L H L L
8 L H M M
9 L H H H
10 M L L M
11 M L M H
12 M L H VH
13 M M L L
14 M M M M
15 M M H H
16 M H L VL
17 M H M L
18 M H H M
19 H L L L
20 H L M M
21 H L H H
22 H M L VL
23 H M M L
24 H M H M
25 H H M VL
26 H H H L
In (9), x′ is A′, z ′ is C ′ are in the premise, and y′ is B′ is the consequence. The number of conditions in the premise may
be two or even more. Each condition or action is presented by a linguistic variable, whose states are denoted by a given set
of linguistic terms. In the fuzzy knowledge system, linguistic terms including low (L), medium (M) and high (H) are used
to express three situations of condition. Linguistic terms very low (VL), low (L), medium (M), high (H) and very high (VH)
are used to present five states of action. These linguistic terms can be translated into fuzzy sets. By experts’ opinions, these
conditions (or called factors) include show-up rate, oversale cost and spoilage cost. Since the affects of three conditions
of determining the overbooking level are dependent, they can be integrated into a single knowledge base. This single
knowledge represents the action of an air cargo overbooking level. Based on the above, we are involved in the development
of a set of fuzzy decision rules to determine the air cargo overbooking level. Let
SR = show-up rate,
OC = oversale cost per unit of capacity,
SC = spoilage cost per unit of capacity
and
OBL = overbooking level.
These fuzzy decision rules are shown as follows.
In Table 1, the 26 fuzzy decision rules are constructed to determine the overbooking level. These fuzzy rules show the
expert opinions for determining the overbooking level under different conditions. They are clearly understood and easily
modified. For instance, Rule 1 is ‘‘If show-up rate is low(L), the oversale cost is low(L) and the spoilage cost is low(L), then
the overbooking level is high(H)’’. Rule 26 presents that ‘‘If show-up rate is high(H), the oversale cost is high(H) and the
spoilage cost is high(H), then the overbooking level is low(L)’’.
To obtain a fuzzy reasoning of these rules, the above linguistic terms have to be expressed by fuzzy sets. Themembership
functions of fuzzy sets: show-up rate, oversale cost, spoilage cost and overbooking level are shown in Fig. 3.
From Fig. 3, these fuzzy sets that describe three premises and one consequent in different states are presented as below.
Show-up rate:
L = (0, 0, 0.5),
M = (0, 0.5, 1)
and
H = (0.5, 1, 1).
Oversale cost:
L = (0, 0, o3),
M = (0, o1, o2, o3)
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Fig. 3. Membership functions of show-up rate, oversale cost, spoilage cost and overbooking level.
and
H = (0, o3, o3).
Spoilage cost:
L = (0, 0, s3),
M = (0, s1, s2, s3)
and
H = (0, s3, s3).
Overbooking level:
VL = (1, 1, l1),
L = (1, l1, l2),
M = (l1, l2, l3),
H = (l2, l3, l4)
and
VH = (l3, l4, l4).
As membership functions are constructed, an inference process of fuzzy reasoning is implemented by integrating the
26 fuzzy rules under a given input. Preliminarily, each rule has to be effectively executed in parallel. Thus the max–min
method [14] is applied for execution. The match degree of three corresponding premises is determined by the given
input of one fuzzy rule. The match degrees of consequence in the one rule will be the minimized value of the match
degree of three corresponding premises. The output is derived by truncating the fuzzy set for the consequence in the
rule. For instance, the show-up rate is R, the oversale cost is O and the spoilage cost is S in a given input. In the case of
0 < R < 0.5, 0 < O < o3 and 0 < S < s3, the match degrees of the three premises in rule 1 are R/0.5, (o3 − O)/o3 and
(s3− S)/s3, respectively. The truncated value of the fuzzy set in the consequence is min(R/0.5, (o3−O)/o3, (s3− S)/s3). In
the case of 0.5 < R < 1, 0 < O < o3 and 0 < S < s3, the match degrees of the three premises in rule 1 are 0, (o3 − O)/o3
and (s3 − S)/s3, respectively. The truncated value for the fuzzy set in the consequence is min(0, (o3 − O)/o3, (s3 − S)/s3).
The truncated fuzzy set in the consequence of rule 1 is shown as Fig. 4. These truncated values of rest rules for the fuzzy sets
in the consequent can be obtained by the above method.
After getting all truncated fuzzy sets, these fuzzy sets will be united. The union of all the truncated fuzzy sets on all
fuzzy decision rules is also a fuzzy set. The fuzzy set constitutes to generate an inference conclusion, and the conclusion is
an overbooking level. To transfer the fuzzy set into a crisp value being the overbooking level, a defuzzification method is
essential [15–17]. There are several defuzzification methods, such as the center of gravity method, the mean of maximum
method and the center average method, etc. Herein, the center average method is applied and presented in rule 1. Let
T1 = min(R/0.5, (o3 − O)/o3, (s1 − S)/s3), (10)
where T1 is the truncated value in the consequence for rule 1.
By the center average method, the boundary (x1a, x1b) of the center value for rule 1 is shown in Fig. 5.
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Fig. 4. The truncated fuzzy set in the sequence for rule 1.
Fig. 5. The boundary of the center value for rule 1.
Then,
T1 = x1a − l2l3 − l2 =
l4 − x1b
l4 − l3 , (11)
x1a = l2 + T1(l3 − l2) (12)
and
x1b = l4 − T1(l4 − l3). (13)
Thus the center value y1 is:
y1 = x 1a+ x1b2 =
l2 + l4
2
+ 1
2
T1(2l3 − l2 − l4). (14)
Similarly, we can obtain the center values yi (i = 2, 3, . . . , 26) for other fuzzy decision rules. Then, the overbooking
level y∗ is determined. Define
y∗ =
26∑
i=1
yiTi
26∑
i=1
Ti
. (15)
Commonly, the overbooking capacity is determined by the overbooking level and capacity available. The evaluation of
available capacity is essential after determining the air cargo overbooking level. Kasilingam [5] considered that the available
capacity usually depends upon the density of the booked shipments and their shapes. The available capacity of air cargo is
estimated in terms of volume, weight and position. These conditions of capacity available are presented as follows:
volume capacity = storage volume× (1− stacking loss)− bag volume−mail volume (16)
and
weight capacity = payload− passenger weight− bag weight-mail weight− extra fuel weight. (17)
From Eq. (16) to (17), the safety density and cargo loading density of a flight are generated. Let
the safety density D = payload/storage volume (18)
and
the cargo loading density D′ = (payload−weight capacity)/(storage volume− volume capacity). (19)
Herein, the consideration of loading cargo is determined by the safety density and cargo loading density. In case ofD ≥ D′,
capacity may be available in terms of volume but not in terms of weight, because several low density shipments has been
loaded. In case of D ≤ D′, capacity may be available in terms of weight but not in terms of volume because several high
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Fig. 6. The membership function of the capacity available.
density shipments has been loaded. Based on above situations, we assume that the forecasting capacity C is presented as
follows.
When D ≥ D′,
C = min(weight capacity/D, volume capacity). (20)
Otherwise, D ≤ D′,
C = min(weight capacity,D× volume capacity). (21)
The forecasting capacity can extended to be the available capacity. The available capacity is assumed to be a fuzzy
number. The membership function of the fuzzy set is set by experts by the following questions: ‘‘What is the interval of
possible values of capacity when the forecasting capacity is C , andwhat is themost possible value or the interval of themost
possible values?’’. These answers are derived by air cargo experts to construct their membership functions of a triangular
or trapezoidal shape shown as Fig. 6 for the capacity available.
According to Fig. 6, the membership function is:
µ(x) =

x− c1
c2 − c1 , c1 ≤ x < c2,
1, c2 ≤ x < c3,
c4 − x
c4 − c3 , c3 ≤ x ≤ c4
0, otherwise.
(22)
The overbooking capacity can be generated as the overbooking level and the capacity available are derived. Let C ′
represent the capacity available, i.e.
C ′ = (c1, c2, c3, c4). (23)
We assume that the overbooking capacity is C ′ · y∗.
C ′ · y∗ = (c1, c2, c3, c4) · y∗
= (y∗c1, y∗c2, y∗c3, y∗c4). (24)
In the real world, cargo carriers should compare the overbooking capacity with their cargo amount. Some situations of
one decision mechanism may be presented as below.
Situation 1: IF cargo amount< y∗c1 THEN the situation is bad.
Situation 2: IF y∗c1 ≤ cargo amount< y∗c2 THEN the situation may be feasible.
Situation 3: IF y∗c2 ≤ cargo amount≤ y∗c3 THEN the situation is better.
Situation 4: IF y∗c3 < cargo amount≤ y∗c4 THEN the situation may be feasible.
Situation 5: IF y∗c4 < cargo amount THEN the situation is infeasible.
In situation 1, the cargo amount is too small to satisfy the requirement of overbooking capacity. The spoilage cost is high.
Cargo carriers have to obtain many products that amount to more than the cargo. In situation 2, cargo amount is acceptable,
but carriers should obtain some products to reduce the spoilage cost. In situation 3, there is a balance of oversale cost and the
spoilage cost, so the overbooking capacity is appropriate. In situation 4, cargo amount is acceptable as well, but the carrier
should give up some products to reduce the oversale cost. In situation 5, the cargo amount is toomuch to be loaded for cargo
carriers. The oversale cost is high. Cargo carriers will have to cancel many booked products.
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Fig. 7. The membership functions in the knowledge system.
Fig. 8. The match degrees and truncated value in rule 22..
Fig. 9. The truncated fuzzy set in rule 22.
4. The numerical example of applying fuzzy knowledge system
In this section, the fuzzy knowledge system is applied to solve the overbooking problem of one air cargo company. In
this problem, the inputs are:
OC = $10.00/unit of capacity,
SC = $10.00/unit of capacity
and
show-up rate is 0.8.
The membership functions of show-up rate, oversale cost, spoilage cost and overbooking level are shown in Fig. 7.
In the given inputs, the match degrees of three premises, the truncated values and center values of fuzzy decision rules
are presented in Table 2. In Fig. 8, the match degrees of the three premises in rule 22 are 0.8, 1 and 0.5, and the truncated
value T22 for the consequence is 0.5. The boundary (x22a, x22b) constructed from the truncated value T22 in rule 22 is shown
in Fig. 9.
The center value is obtained by boundary (x22a, x22b), i.e.
x22a = 1+ 0.5× (1− 1) = 1
and
x22b = 1.1− 0.5× (1.1− 1) = 1.05.
The center value is:
y22 = x22a + x22b2 =
1+ 1.05
2
= 1.025.
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Table 2
the numerical example of fuzzy rules in the knowledge base
Rule SR OC SC Ti yi
1 0.2 0.5 0.5 0.2 1.3
2 0.2 0.5 1 0.2 1.31
3 0.2 0.5 0.5 0.2 1.31
4 0.2 1 0.5 0.2 1.2
5 0.2 1 1 0.2 1.3
6 0.2 1 0.5 0.2 1.31
7 0.2 0.5 0.5 0.2 1.1
8 0.2 0.5 1 0.2 1.2
9 0.2 0.5 0.5 0.2 1.3
10 0.4 0.5 0.5 0.4 1.2
11 0.4 0.5 1 0.4 1.3
12 0.4 0.5 0.5 0.4 1.32
13 0.4 1 0.5 0.4 1.1
14 0.4 1 1 0.4 1.2
15 0.4 1 0.5 0.4 1.3
16 0.4 0.5 0.5 0.4 1.03
17 0.4 0.5 1 0.4 1.1
18 0.4 0.5 0.5 0.4 1.2
19 0.8 0.5 0.5 0.5 1.1
20 0.8 0.5 1 0.5 1.2
21 0.8 0.5 0.5 0.5 1.3
22 0.8 1 0.5 0.5 1.025
23 0.8 1 1 0.8 1.1
24 0.8 1 0.5 0.5 1.2
25 0.8 0.5 1 0.5 1.025
26 0.8 0.5 0.5 0.5 1.1
Fig. 10. The estimated capacity available.
According to the center values of Table 2, the overbooking level y∗ is derived. That is
y∗ =
26∑
i=1
yiTi
26∑
i=1
Ti
≈ 1.177423.
Then the forecasting capacity C is estimated to be 80, i.e. the capacity is the payload minus the load of these following
factors, such as the capacity of passengers, bags, mail and extra fuel, etc. The membership function of the fuzzy capacity
available C ′ is evaluated by experts showed in Fig. 10.
By Eq. (24), the overbooking capacity is:
C ′ · y∗ = (40, 60, 100, 120)× 1.177423
= (47.0.9692, 70.64538, 117.7423, 141.2908).
Cargo carriers compare the overbooking capacity with their cargo amount. Some decision mechanism situations are be
presented in the following.
Situation 1: IF cargo amount< 47.09692 THEN the situation is bad.
Situation 2: IF 47.09692≤ cargo amount< 70.64538 THEN the situation may be feasible.
Situation 3: IF 70.64538≤ cargo amount≤ 117.7423 THEN the situation is better.
Situation 4: IF 117.7423< cargo amount≤ 141.2908 THEN the situation may be feasible.
Situation 5: IF 141.2908< cargo amount THEN the situation is infeasible.
Thus the cargo carriers can make a decision according to their cargo amounts.
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5. Conclusions
In air cargo operation, overbooking is critical to sell more cargo than available capacity in order to minimize the oversale
cost and spoilage cost. However, it is difficult to evaluate air cargo overbooking capacity under an uncertain environment.
To demonstrate vagueness and uncertain of overbooking capacity, a fuzzy knowledge system is applied to evaluate the
overbooking capacity. In the fuzzy knowledge system, the determining factors of overbooking level including show-up rate,
oversale cost and spoilage cost are presented with fuzzy sets. Then these factors of overbooking level are integrated by
a set of fuzzy decision rules fuzzy reasoning in the fuzzy knowledge system, so the overbooking level can be derived in
an uncertain environment. On the other hand, the available capacity is assumed to be a fuzzy set to match the imprecise
situation of booking. Aggregating overbooking level and capacity available into overbooking capacity, the process will be
rationality and vagueness. Further, we also propose a decisionmechanism including five situations to assist decision-makers
for determining feasible alternatives.
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